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Is lassial reality ompletely deterministi?
B. P. Kosyakov
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Russian Federal Nu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Abstrat
The onept of determinism for a lassial system is interpreted as the requirement
that the solution to the Cauhy problem for the equations of motion governing this
system be unique. This requirement is generally assumed to hold for all autonomous
lassial systems. We give ounterexamples of this view. Our analysis of lassial
eletrodynamis in a world with one temporal and one spatial dimension shows that
the solution to the Cauhy problem with the initial onditions of a partiular type
is not unique. Therefore, random behavior of losed lassial systems is indeed
possible. This nding provides a qualitative explanation of how lassial strings an
split. We propose a modied path integral formulation of lassial mehanis to
inlude indeterministi systems.
1 Introdution
Aording to present views, the quantum is fundamentally random. By this is meant that
quantummehanis is a probabilisti theory and there are no deterministi laws underlying
quantum phenomena. By ontrast, the lassial is regarded as deterministi. Of ourse,
lassial statistial mehanis invokes probability theory, but the reason for this is dierent
from that of quantum mehanis. Unertainties in lassial statistial mehanis may be
attributed to lak of knowledge of atual deterministi histories of marosopi systems
whih have too many degrees of freedom to be ompletely ontrolled.
Worthy of mention are also lassial stohasti systems (among whih are systems
with some few degrees of freedom) [1℄. Although stohasti mehanis is formulated with
the help of probability theory, stohastiity should not be onfused with randomness.
Classial stohasti systems are governed by deterministi laws. The gist of the question
is that their histories are depited by tangled trajetories. Motions displaying extreme
sensitivity to initial onditions are ommonly viewed as stohasti. Complexity eets in
the behavior of unstable systems are a major manifestation of stohastiity. To be more
exat, a system is dened as stohasti if there is a ompat region onning the motion
x(t) in whih x(t) depends heavily on initial data x0:
∂x(t; x0)
∂x0
∼ exp (t/∆) , t≫ ∆ (1)
(where ∆ stands for a harateristi time interval). The apparent indeterminism in the
behavior of stohasti systems is then titious; it is due to imperfet knowledge of initial
onditions. We an in priniple speify x0 with arbitrary auray, and thereby predit
the history x(t; x0) as preisely as desired.
To disern phenomena whih indeed run ounter to Laplae's determinism, we must
rene upon this paradigm. We say that Laplae's determinism holds for a given system
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if the Cauhy problem for the equations of motion governing this systemwhenever the
initial onditionshas a unique solution. This requirement is generally believed to be
imperative in lassial physis. Strange as it may seem, there are autonomous lassial
systems in two-dimensional spaetime whih violate this priniple. Examples of suh
indeterministi systems are given below. We will see that behavior of these systems must
be reognized as truly random. In two-dimensional worlds, God does roll the die.
It may be that this impliation will have some utility in string theory. By now, there
has been remained an open question of whether fundamental strings an split on the
lassial level. At rst sight, lassial strings are unable to split at all. Take, for example,
an open Nambu string. It an be indenitely strethed without no evidene of being
favorably disposed towards splitting
2
: there is no elasti limit for objets governed by the
Nambu ation. Indeed, the only dimensional parameter in this ation is 1/2πα′ whih is
merely an overall fator that denes the sale of length. It follows that lassial strings are
immune from ompulsory splittings. However, as will transpire in Set. 3, spontaneous
splittings are yet feasible in the lassial piture.
The paper is organized as follows. In Set. 2 we explore a partile on the top of a
hill. From this disussion, a general idea an be had of how lassial systems an reveal
its indeterministi nature. Classial eletrodynamis of point partiles in a world with
one temporal and one spatial dimension is analyzed in Set. 3. We show that exat
solutions to the Cauhy problem for the set of dynamial equations governing a losed
system of two harged partiles and the eletromagneti eld an be not unique. We then
propose a toy model whih qualitatively explains random splitting of lassial strings. In
the nal setion, we turn to the path integral formulation of lassial mehanis [3℄[5℄.
If indeterministi systems are to be inorporated, the lassial path integral onstrution
should be properly modied. We outline a possible way for this modiation.
2 At the top of a hill
Let us take a loser look at two like harged partiles whih move towards eah other along
a straight line. Having spent kineti energy for overoming the interpartile repulsion by
their meeting these partiles merge into a single point aggregate. Sine our onern is
with nal stage of this head-on ollision when veloities of the partiles are lose to zero,
the use of nonrelativisti approximation would be quite aurate.
The two-partile problem an be brought to a one-partile problem if we introdue
the relative oordinate r = x2 − x1, redued mass m = m1m2/(m1 +m2), and potential
energy U(r). The problem is then to desribe a partile limbing to the hill U(r) so that
its veloity vanishes on its arrival at the top of the hill, see Fig. 1. Let the oordinate of
the top be r = 0, Umax = U(0). The time that the partile omes to the top is hosen to
be t = 0. Vanishing the partile's veloity at r = 0 means that the total energy is zero,
E =
1
2
mr˙2 + U(r) = 0. (2)
2
See, however, Ref. [2℄ where a thermodynamial argument in support of the idea that some lassial
string ongurations show tendeny to split is addued. It seems appropriate to reason that some splitted
onguration is more advantageous in mass ontent than its assoiated unbroken onguration, but this
riterion is in general insuient to determine the point of the string where splittng atually ours.
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Figure 1: Asent to the top of a hill
The time it takes for the partile to arrive at the top is therefore
t(r) = −
√
m
2
∫ 0
r
dx√
−U(x)
. (3)
What happens to the partile upon its arrival at the top? (Although this question
seems sound, no attempt has been made of answering it. The only exeption is Ref. [6℄,
where this issue is addressed, but its solution is left to the reader
3
.) If the integral in (3)
diverges, then the question of the subsequent lot of this partile does not arise beause
the asent takes innite time. Suh is indeed the ase for U(r) whih is an analytial
funtion at r = 0, say, for U(r) = −U0 r
2
. Meanwhile the integral is nite for
U(r) = −U0 r
2(1−α), 0 < α < 1, (4)
U(x) = −U0 r
2
(
ln r2
)2(1+β)
, β > 0, (5)
U(r) = −U0 r
2
(
ln r2
)2 [
ln
(
ln r2
)2]2(1+γ)
, γ > 0, (6)
and the like.
The dierential equation (2) is invariant under time reversal. Furthermore, r(t) = 0
is another solution to (2). Therefore, if the limb takes a nite period of time, then a
ontinual set of options is available: after staying at the top for an arbitrary period of
time T , the partile an start to desend in either diretion4. Analytially,
r(t) =


f(t) t < 0,
0 0 ≤ t < T ,
± f(T − t) t ≥ T ,
(7)
where f(t) is the inverse of t(r) dened in (3).
By the Piard theorem, the solution to the Cauhy problem for the dierential equation
(2) with the initial ondition r = 0 is unique if the Lipshitz ondition holds,√
−U(r) < C | r |. (8)
3
Subsequent to posting the rst version of this paper, I was informed by Prof. J. Norton that similar
problem was disussed in his paper [7℄ with an emphasis on philosophial aspets.
4
If we bear in mind the initial two-partile problem and assume that olliding partiles are unable
to penetrate through eah other, then both asent and desent in the eetive one-partile problem are
desribed by positive values of r.
3
Here, C is some positive onstant. Clearly, for U(r) given by (4)(6), inequality (8) fails.
We thus infer that potentials, whih are visualized as hills, are divided into two lasses:
unstable potentials of the onventional type and over-unstable potentials. The equilibrium
state in potentials of the onventional type is kept until a small external perturbation
ours, whereas this state in over-unstable potentials an be upset spontaneously, that is,
with no external ause.
The Lipshitz ondition is suient but not neessary for stability against spontaneous
deays. Convergene of the integral in (3) may serve a neessary ondition. For example,
inequality (8) does not hold for U = −U0 r
2 (ln r2)
2
, even if the integral in (3) diverges.
Note also the absene of a strit analytial demaration line between unstable potentials
of the onventional type and over-unstable potentials, in partiular, the sequene of over-
unstable potentials shown in (4)(6) extends indenitely.
A striking thing is that a partile at rest shows the apaity for sliding down the hill
without any ausation and thus at random. This phenomenon is in onit with Laplae's
determinism. Going bak to the initial two-partile problem, we see that the aggregate of
two merged partiles will spontaneously disintegrate into its onstituents after a lapse of
an arbitrary interval T . Note that T = ∞ is among possible options, that is to say the
aggregate an remain xed for an innitely long time.
The septial reader may disregard these issues for several ompelling reasons. First,
head-on ollisions of point partiles are highly improbable on a three-dimensional arena:
the probability measure of suh events is zero. Seond, the interation potential U(r) like
that shown in (4)(6) seems to have little (if any) signiane as an element of physial
reality. Third, time reversal is ruial for spontaneous equilibrium breaking to our. One
aelerated harges radiate eletromagneti energy, the dynamis beomes dissipative and
irreversible, and hene solution (7) eases to be true. Fourth, to ensure that two olliding
partiles amalgamate in a single aggregate, their total energy must be exatly zero. The
initial data of the orresponding Cauhy problems onstitute a null set.
All these objetions an be withdrawn if we turn to a world with one temporal and one
spatial dimension. First, observe that, for partiles living in a line, head-on ollisions are
not unommon. Seond, with referene to [8, 9℄, we reall that the time omponent of the
retarded vetor potential Aµ in two-dimensional eletrodynamis is given by A0 = −e | r |
whih, on putting α = 1
2
, falls into the type of (4), Fig. 1b. Third, it was shown in
[8, 9℄ that harged partiles in two-dimensional spaetime do not radiate. Therefore, all
proesses in this realm are reversible. Fourth, although the ase that the total energy of
two olliding partiles is zero is indeed extremely exoti, it is possible to ustomize the
very problem setting with a tangible ground. Let a partile be apable of spontaneous
deaying into two interating partiles, with the total energy of this system being equal
to zero. Then one extends analytially this history bak in time aording to Eq. (7).
Of ourse, this trik only helps in rendering the real history of forming the aggregate of
two partiles a virtual history (whih is to drop out of sight). Hene, it may be argued
that letting the existene of suh point aggregates does not stand up. The key step is to
swith from partiular aggregates to a ontinual set of idential aggregates onstituting a
string. Leaving aside the origin of suh sets, we take advantage of disrete toy models of
a string for better understanding the lassial mehanism of its splitting.
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3 Two-dimensional world
We now onsider lassial eletrodynamis in two-dimensional spaetime. Our notations
are idential to those of Ref. [9℄. The ation for a system of N harged point partiles
and the eletromagneti eld is given by
S = −
N∑
I=1
mI
∫
dsI
√
z˙Iµ z˙
µ
I −
∫
d2x
(
1
8
FµνF
µν + Aµjµ
)
, (9)
jµ(x) =
N∑
I=1
eI
∫
∞
−∞
dsI z˙
µ
I (sI) δ
(2) [x− zI(sI)] . (10)
Here, the eld strength Fµν is related to the vetor potential Aµ in the onventional way
Fµν = ∂µAν − ∂νAµ. (11)
Varying Aµ and zµI , we have
∂λF
λµ = 2jµ, (12)
mI z¨
µ
I = eI z˙
I
αF
µα(zI). (13)
A remarkable fat is that this system of equations is ompletely integrable [9℄. The
proedure of nding solutions to this system is rather standard. First we obtain a retarded
solution to the eld equation (12) with the soure omposed of N harges moving along
arbitrary smooth timelike world lines. The notation RµI = x
µ − zµI (s
ret
I ) is used to denote
the null vetor drawn from the emission point zµI (s
ret
I ) on the Ith world line to the point
of observation xµ. From here on the mark `ret' will be suppressed. We introdue a further
null vetor cµI related to R
µ
I by
RµI = ρI c
µ
I , (14)
where
ρI = z˙I · RI (15)
is the distane between emission and observation points in the frame in whih the time
axis is aligned with z˙µI . The retarded solution to (11)(12) an be written [9℄ as
Aµ = −
N∑
I=1
eIR
µ
I , (16)
F µν =
N∑
I=1
eI (c
µ
I z˙
ν
I − c
ν
I z˙
µ
I ) . (17)
As an illustration let us onsider the ase N = 2. This two-partile problem an be
translated into the problem of motion of two parallel plates of a planar immense apaitor.
Evidently there is only an eletri eld E between the plates, whih is onstant for any
separation and veloity of the plates.
Applying (17) to the symmetri stress-energy tensor of the eletromagneti eld
Θµν =
1
2
(
F µαF να +
ηµν
4
FαβF
αβ
)
(18)
5
gives Θµνself +Θ
µν
mix where Θ
µν
self is the sum of terms eah ontaining only the eld generated
by a partiular harge, and Θµνmix ontains mixed ontributions. Let Θ
µν
I be a term of Θ
µν
self
due to the Ith harge. We have
ΘµνI =
1
4
e2I η
µν . (19)
This expression suggests that there is no radiation in two-dimensional spaetime (for an
extended disussion of this subjet see [8, 9℄.)
If we substitute (17) in (13) and solve the resulting equations, then we nd that every
partile moves along a hyperboli world line [9℄. In degenerate ases, the history of a
partile is represented by straight world lines.
We now return to the system of two olliding partiles, disussed in the previous
setion. For simpliity, we hoose the baryentri frame, and assume that the partiles
have equal masses m and harges e. Our onern here is with the ase that veloities of
the partiles are preisely zero at the instant of their meeting. The exat solution [10℄ is
represented by two world lines zµ1 (s) and z
µ
2 (s) whih oalese at s = s
∗
and separate at
s = s∗∗ = s∗ + T ,
zµ1 (s) =


a−1 (sinh a(s− s∗), 1− cosh a(s− s∗)) s < s∗,
(s− s∗, 0) s∗ ≤ s < s∗∗
a−1 (aT + sinh a(s− s∗∗), cosh a(s− s∗∗)− 1) s ≥ s∗∗
, (20)
zµ2 (s) =


a−1 (sinh a(s− s∗), cosh a(s− s∗)− 1) s < s∗,
zµ1 (s) s
∗ ≤ s < s∗∗,
a−1 (aT + sinh a(s− s∗∗), 1− cosh a(s− s∗∗)) s ≥ s∗∗.
(21)
Here, a = e2/m.
The parameters s∗ and s∗∗ are arbitrary. If s∗ and s∗∗ are dierent and nite, then
Eqs. (20) and (21) orrespond to the history of an aggregate with nite life time. If
s∗∗ → ∞, then this solution represents the history of a stable aggregate originated at a
nite instant. In the limit s∗ → −∞, we have the history of an aggregate, formed at the
innitely remote past, whose deay ours at a nite instant. If s∗ → −∞ and s∗∗ →∞,
then this solution beomes a straight line orresponding to an absolutely stable aggregate.
For s∗ = s∗∗, this solution desribes an aggregate existing for a single moment.
We thus see that the exat solution to the Cauhy problem for the set of equations
governing a losed system of two harged partiles and the eletromagneti eld in two-
dimensional spaetime, with the initial ondition that the total energy of this system
is zero, is not unique. In fat, we have a ontinuum of solutions (20)(21) where T is
arbitrary: the aggregate disintegrates quite aidentally at any instant after its formation
5
.
Turning to fundamental strings, we begin to think of them as hain strutures. An
example is a system of two partiles whih are held together by the linearly rising potential
(16), resembling a string whose energy is linear in its length. While the partiles exhange
eletromagneti signals along the two-dimensional light one, string perturbations (in the
orthonormal gauge) are governed by the wave equationXττ−Xσσ = 0 whose harateristi
surfae is the light one in the (τ, σ)-plane. If a two-parameter family of urves, labelled
by τ and σ, is drawn perpendiular to the world lines of the partiles, then we have a toy
disrete model of strings with Dirihlet boundary onditions X(τ, 0) = X(τ, l) = 0.
5
It may be worth notiing one again that the olliding partiles annot boune o in the ordinary
way beause both veloities and interpartile repulsion vanish at the instant of their meeting s = s∗.
6
N-partile lusters withN > 2 are also suitable for modeling suh strings. It is possible
to follow the ourse of joining of two open strings into one and subsequent spontaneous
splitting of this string into two piees if the extreme left partile of a luster on the right
and the extreme right partile of a luster on the left move to meet (Fig. 2a) and merge
into a single point aggregate (Fig. 2b), and then, after a lapse of a time interval T , this
aggregate disintegrates into two initial partiles (Fig. 2c), aording to Eqs. (20)(21).
One may then deem a lassial string to be a set of aggregates of this kind. Spontaneous
disintegration of some element of this set is the reason for splitting of the string.
• • • • • • • • ⊙• • • • • • • • •
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a b c
Figure 2: Joining and splitting of strings
One may wish to use the YangMills theory with point partiles endowed with olor
harges transforming as the adjoint representation of the gauge group in onstruting suh
string models as an alternative to eletrodynamis. But this analysis aomplishes nothing
new: all retarded solutions to the YangMills equations in two-dimensional spaetime are
Abelian, that is, they an be built with the aid of the Cartan subgroup of the gauge group
[8℄, so that we revert to the situation in two-dimensional eletrodynamis.
4 Renement of the path-integral onept in lassial
mehanis
The path-integral formulation of lassial mehanis developed in [3℄[5℄ opened up new
avenues for studies of the onnetion between the quantum and the lassial. A entral
idea of this approah is that the lassial path integral is ontributed by a single path that
renders the ation extremal. Useful though this onept for truly deterministi systems,
it must be modied if we wish to inorporate systems violating Laplae's determinism.
It is ommon for the path-integral approah to take the priniple of least ation in
Hamilton's form
S =
∫ T
0
dt L(q, q˙), or S =
∫ T
0
dt [pq˙ −H(q, p)] . (22)
One may inquire: what is the lassial transition amplitude K(φf , T |φi, 0) of arriving at
a phase spae point φf = (qf , pf) at time tf = T having started from φi = (qi, pi) at time
ti = 0? The answer [3℄[5℄ is
K(φf , T |φi, 0) =
∫
[Dφ] δ(φ− φcl). (23)
7
Here, [Dφ] means integration is to be arried out in the spae of all paths from φi to φf ,
and φcl is the extremal phase spae path between φi to φf . Beause
δ(φ− φcl) = δ
(
δS
δφ
)
det
[
δ2S
δφ(t′)δφ(t′′)
]
, (24)
one may further take the Fourier transform of the Dira delta and exponentiate the
determinant using Grassmannian ghost variables c and c¯ to yield
K(φf , T |φi, 0) =
∫
[Dφ]DλDc¯Dc exp
(
iλ
δS
δφ
+ c¯
δ2S
δφ2
c
)
. (25)
If we dene two antiommuting partners of t, θ¯ and θ, and assemble the variables φ, λ, c¯, c
into a single ombination
Φ = φ+ θ¯c¯+ θc+ iθ¯θλ, (26)
then it is possible to rewrite (25) in a very ompat and elegant supersymmetri form [5℄:
K(Qf , T |Qi, 0) =
∫
[DQ]DP exp
(
−
∫
dθ¯ dθ S[Φ]
)
, (27)
whih bears the formal similarity to the quantum path integral.
Realling the partile moving to the top of a hill on ondition that the total energy is
xed to be zero, Eq. (2), one is inlined to think of the priniple of least ation in Jaobi's
form [11℄ as a suitable starting point for the desription of indeterministi dynamis.
We now outline general features of Jaobi's ation
6
. Consider a nonrelativisti system
desribed by a n-dimensional onguration spae with oordinates qa, a = 1, 2, . . . , n.
Let this system be moving along a path qa(σ) whose argument σ ranges from 0 to 1.
We denote q′a = dqa/dσ, and introdue the Newtonian metri mab(q) (for a single point
partile of mass m, with the use of Cartesian oordinates, mab = mδab). Jaobi's ation
is an integral over the onguration spae trajetory,
S¯ =
∫ 1
0
dσ
√
mab(q) q′
aq′b
√
2 [E − U(q)], (28)
where U(q) is the potential energy. In (28), the physial time interval between initial and
nal ongurations is not xed. By ontrast, the total energy of the system E is xed.
Varying (28) gives a trajetory q(σ). With the knowledge of q(σ), it is possible to
determine how the system evolves in time using a supplementary ondition
1
2
mab q˙
a q˙b + U(q) = E, (29)
where q˙a = dqa/dt.
Sine Jaobi's ation (28) is invariant under the hange of parametrization σ → f(σ)
with f(0) = 0 and f(1) = 1, the Hamiltonian assoiated with the Lagrangian in (28)
vanishes identially,
H = qa
∂L
∂qa
− L = 0. (30)
6
Our brief review is loosely patterned on the detailed exposition of Ref. [12℄.
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To put it dierently, reparametrization invariane of the ation (28) leads to a onstraint
H(q, p) =
1
2
mab papb + U(q)− E ≈ 0, (31)
where pa is the momentum onjugate to the onguration oordinate q
a
,
pa =
∂L
∂q′a
=
q′a√
mab q′
aq′b
√
2 [E − U(q)]. (32)
Beause the anonial Hamiltonian H is zero, there are no seondary onstraints, and
H is trivially rst lass. The ation in anonial form is
S¯ =
∫ 1
0
dσ
(
paq
′a −NH
)
, (33)
where N is a Lagrange multiplier, whose variation enfores the onstraint (31).
The ation (33) is to be varied with q(0) = qi and q(1) = qf held xed. The equations
of motion following from (33) are
q′
a
= Npa, p′a = −N
(
1
2
pbpc
∂mbc
∂qa
+
∂U
∂qa
)
,
1
2
pap
a + U(q)−E = 0, (34)
where pa = mabpb. Combining the rst and third of these equations gives
N =
[
q′aq′a
2(E − U)
] 1
2
. (35)
By (29),
dt
dσ
=
[
q′aq′a
2(E − U)
] 1
2
. (36)
Therefore, dt = Ndσ, and so
T =
∫ 1
0
dσN(σ). (37)
This suggests that N is the lapse in physial time assoiated with an inrement in
the variable σ parametrizing the phase spae trajetory. Note that this interpretation for
N will be maintained for as long as the ow of t is orrelated with inreasing σ. This,
however, is not the ase for indeterministi regimes of evolution.
The ation (33) is invariant under innitesimal reparametrizations δσ = ǫ(σ) with
ǫ(0) = ǫ(1) = 0 if one takes the transformation laws
δq = ǫq′, δp = ǫp′, δN = (ǫN)′ , (38)
whih are generated by the rst lass onstraint (31).
If we express the momenta p in terms of the veloities q′, then (33) beomes
S¯ =
∫ 1
0
dσ
[
mab q
′aq′b
2N
+N (E − U)
]
. (39)
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Integrating away N from (39), we return to the original Jaobi ation (28).
We now fous on one-dimensional systems. We rst dene an invariant path-integral
measure for deterministi reparametrization-invariant systems
7
. Following [13, 14℄, we
integrate over the oset spae of all funtions φ(σ) and one-dimensional metris N(σ)
modulo reparametrizations,
Dφ(σ)DN(σ)
Df(σ)
, (40)
where DN(σ)/Df(σ) an be shown [13, 14℄ to redue to a onventional Lebesgue measure
dT , with T being the physial time interval given by (35). By applying these results to
the proedure of Ref. [5℄, we reast (27) in the form
K(Qf |Qi) =
∫
∞
0
dT
∫
[DQ]DP exp
[
−
∫ 1
0
dσ dθ¯ dθ (PQ′ − TH)
]
, (41)
where the onjugate supervariables Q and P are patterned after Eq. (26), and
H(Q,P ) =
1
2m
P 2 + U(Q)− E. (42)
A modiations of the path integral for indeterministi systems an be asertained by
the example of a partile that moves to the top of the hill U(q) = −U0 |q|, equilibrates at
q = 0 for an arbitrary period of time T , and then desends down the hill. The initial and
nal stages of this proess, that is, the asent and desent, are essentially deterministi.
Hene, the lassial transition amplitude for these stages is dedued from (41)(42).
Care must be exerised in treating the indeterministi stagethat is, the stay at the
top. Let us assume that T is a disrete variable taking values 0, ℓ, 2ℓ, . . . The prior
probability that the partile will be at rest after ompleting one quantum of time ℓ is
1
2
. After a lapse of two quanta of time 2ℓ, this quantity is
(
1
2
)2
. And so on. With this
assumption, the T -integration is substituted for a disrete sum, and hene
K(φf = 0|φi = 0) =
(
1
2
+
1
4
+ . . .
)∫
[Dq] [Dp] δ(q) δ(p) =
1
16
. (43)
Here, the end-point integrals of the Dira deltas over half-innite intervals are understood
as appropriate limits of integrals of sequenes of funtions, suh as∫
∞
0
dx δ(x)ϕ(x) = lim
ǫ→0
1
2
∫
∞
−∞
dx
ǫ
π (x2 + ǫ2)
ϕ(x) =
1
2
ϕ(0). (44)
It would be interesting to see if it is possible to bridge this random dynamis arising
from spontaneous equilibrium breaking with that owing its origin to 't Hooft's information
loss ondition (for a disussion of this ondition and further referenes see [16℄).
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